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Abstract
We decouple the Dirac’s radial equations in D+1 dimensions with
Coulomb-type scalar and vector potentials through appropriate trans-
formations. We study each of these uncoupled second-order equations
in an algebraic way by using an su(1, 1) algebra realization. Based on
the theory of irreducible representations, we find the energy spectrum
and the radial eigenfunctions. We construct the Perelomov coherent
states for the Sturmian basis, which is the basis for the unitary irre-
ducible representation of the su(1, 1) Lie algebra. The physical radial
coherent states for our problem are obtained by applying the inverse
original transformations to the Sturmian coherent states.
Keywords: Lie algebras, coherent states, Dirac equation, scalar-vector
potentials, higher dimensions.
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1 Introduction
Since Schro¨dinger introduced the harmonic oscillator coherent states [1], they
have played a fundamental role in quantum mechanics. These coherent states
are related to the Heisenberg-Weyl group. The works of Barut [2] and Perelo-
mov [3] generalized the harmonic oscillator coherent states to those of any
algebra of a symmetry group.
The coherent states have been obtained successfully for many problems,
reported in the references [4]-[8]. Related to the Perelomov coherent states
for the su(2) and su(1, 1) Lie algebras, several works have been published,
some of them are [9, 10, 11].
As one of the few exactly solvable problems in physics, the Kepler-Coulomb
problem has been treated in several ways, analytical [12]-[15], factorization
methods [16, 17], shape-invariance [18], SUSY QM for the first [19] and
second-order [20] differential equations, two-variable realizations of the su(2)
Lie algebra [21] and using the Biedenharn-Temple operator [22]. Its solubility
is due to the conservation of the total angular momentum, and the Dirac and
Johnson-Lippmann operators [23]. In fact, is has been shown that the su-
persymmetry charges are generated by the Johnson-Lippmann operator [23].
Joseph was the first in studying the Kepler-Coulomb problem in D + 1 di-
mensions by means of self-adjoint operators [24]. The energy spectrum and
the eigenfunctions of this problem were obtained by solving the confluent
hypergeometric equation [25, 26]. Moreover, in [27] the Johnson-Lippmann
operator for this potential has been constructed and used to generate the
SUSY charges.
The Dirac equation with Coulomb-type vector and scalar potentials in
3+1 dimensions has been solved by using SUSY QM [28] and the matrix form
of SUSY QM based on intertwining operators [29]. For the D+1-dimensional
case it was treated by reducing the uncoupled radial second-order equations
to those of the confluent hypergeometric functions [25, 26]. In recent works,
it has been studied the Dirac equation for the three-dimensional Kepler-
Coulomb problem [30], and with Coulomb-type scalar and vector potentials
inD+1 dimensions from an su(1, 1) algebraic approach [31]. Also, a Johnson-
Lippmann operator has been constructed for Coulomb-type scalar and vector
potential in general spatial dimensions. It was used to generate the SUSY
charges [32].
In the relativistic regimen the spectrum of the Klein-Gordon Coulomb
problem was calculated by using the SO(2, 1) coherent-state theory [33].
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For the Dirac problem, only the coherent states for the three-dimensional
relativistic Kepler-Coulomb potential have been treated [34]. This study
was based on the fact that the uncoupled second-order differential equations
admits a two-variable SU(2) symmetry. The additional variable to the radial
coordinate was needed in order to close the su(2) Lie algebra [21]. We notice
that in references [33, 34] the explicit closed form of the relativistic coherent
states have not been obtained. However, there are no works on relativistic
coherent states in which scalar and vector potentials are considered, in three
or higher spatial dimensions.
The aim of the present work is to construct the radial SU(1, 1) Perelo-
mov coherent states for the relativistic Kepler-Coulomb problem in D + 1
dimensions with Coulomb-type scalar and vector potentials. Our treatment
is restricted for bound states. We decouple the first-order Dirac equations
to obtain the second-order differential equations. Each of these equations
is written in terms of a set of radial operators which close the su(1, 1) Lie
algebra. One of these operators is the so-called scaling operator. By an
appropriate choice of the scaling parameter we diagonalize the second-order
radial equation. We use the theory of unitary representations to find the en-
ergy spectrum and the radial wave functions from the Sturmian basis (group
basis). We construct the SU(1, 1) Perelomov coherent states for the Sturmian
basis and the inverse transformations are applied to these states to obtain the
radial SU(1, 1) Perelomov coherent states for the relativistic Kepler-Coulomb
problem.
This work is organized as follows. In section 2 we obtain the uncoupled
second-order differential equations satisfied by the radial components. The
su(1, 1) Lie algebra generators for the uncoupled second-order differential
equations are introduced. The energy spectrum and radial wave functions
are found. In section 3, we obtain the explicit expression of SU(1, 1) Perelo-
mov coherent states for the relativistic Kepler-Coulomb problem in D + 1
dimensions with scalar and vector potentials. Finally, we give some conclud-
ing remarks.
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2 Second order radial equations
The Dirac equation in D + 1 dimensions for a central field is given by [26]
i
∂Ψ
∂t
= HΨ, H =
D∑
a=1
αapa + β (m+ Vs (r)) + Vv (r) , (1)
with ~ = c = 1, m is the mass of the particle, Vs and Vv are the spherically
symmetric scalar and vector potentials, respectively and
pa = −i∂a = −i ∂
∂xa
1 ≤ a ≤ D. (2)
In (1), αa and β satisfy the anticommutation relations
αaαb + αbαa = 2δab1,
αaβ + βαa = 0, (3)
α2a = β
2 = 1.
In D spatial dimensions, the orbital angular momentum operators Lab,
the spinor operators Sab and the total angular momentum operators Jab are
defined as
Lab = −Lba = ixa ∂
∂xb
− ixb ∂
∂xa
, Sab = −Sba = iαaαb
2
, Jab = Lab + Sab.
L2 =
D∑
a<b
L2ab, S
2 =
D∑
a<b
S2ab, J
2 =
D∑
a<b
J2ab, 1 ≤ a ≤ b ≤ D. (4)
Hence, for a spherically symmetric potential, the total angular momentum
operator Jab and the spin-orbit operator KD = −β
(
J2 − L2 − S2 + (D−1)
2
)
commute with the Dirac Hamiltonian. For a given total angular momentum
j, the eigenvalues of the operator KD are κD = ± (j + (D − 2) /2), where
the minus sign is for aligned spin j = ℓ+ 1
2
, and the plus sign is for unaligned
spin j = ℓ− 1
2
.
We propose the Dirac wave function of equation (1) to be of the form
Ψ(~r, t) = r−
D−1
2
(
FκD (r)Y
ℓ
jm(ΩD)
iGκD (r)Y
ℓ′
jm(ΩD)
)
e−iEt, (5)
4
being FkD(r) and GkD(r) the radial functions, Y
ℓ
jm(ΩD) and Y
ℓ′
jm(ΩD) the
hyperspherical harmonic functions coupled with the total angular momentum
quantum number j, and E the energy. Thus, equation (1) leads to the radial
equations(dFκD
dr
dGκD
dr
)
=
( −κD
r
Vs − Vv +m+ E
Vv + Vs +m− E κDr
)(
FκD
GκD
)
. (6)
We consider the Coulomb-type scalar and vector potentials
Vv = −αv
r
, Vs = −αs
r
, (7)
with αv and αs positive constants. Therefore, from equation (6) we obtain(
dFkD
dr
dGkD
dr
)
+
1
r
(
kD αv − αs
αv + αs −kD
)(
FkD
GkD
)
=
(
0 m+ E
m− E 0
)(
FkD
GkD
)
.
(8)
Now, we find a matrix M which satisfies the property
M−1
(
kD αv − αs
αv + αs −kD
)
M =
(−s 0
0 s
)
, (9)
where s =
√
k2D − α+α−, α+ = αv +αs and α− = αv −αs. This requirement
leads to obtain
M =
(
s− kD −(αv − αs)
−(αv + αs) s− kD
)
. (10)
This matrix and the definition
(
ukD
vkD
)
= M−1
(
FkD
GkD
)
allow to write the
Dirac equation (8) as(
−(E −m)− α+(αvE+αsm)
s(s−k)
− d
dr
− s
r
+ αvE+αsm
s
d
dr
− s
r
+ αvE+αsm
s
−(E +m)− α−(αvE+αsm)
s(s−k)
)(
ukD
vkD
)
= 0. (11)
We decouple this matrix equation to obtain the Dirac’s second-order equa-
tions(
− d2
dr2
+ s(s−1)
r2
− 2(αvE+αsM)
r
+M2 − E2 0
0 − d2
dr2
+ s(s+1)
r2
− 2(αvE+αsM)
r
+M2 − E2
)(
ukD
vkD
)
= 0.
(12)
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Notice that these equations are of the same mathematical form. We can get
the second one from the first one by substituting s → s + 1. Also, these
equations reduce to those for the Kepler-Coulomb problem in the three-
dimensional space with vector potential only [13] and to those with scalar
and vector potentials [29].
2.1 SU(1, 1) radial coherent states
We consider the operators
A0 =
1
2
(
rP 2r +
s(s+ 1)
r
+ r
)
, (13)
A1 =
1
2
(
rP 2r +
s(s+ 1)
r
− r
)
, (14)
A2 = rPr = −ir
(
d
dr
+
1
r
)
, (15)
where the operator P 2r is defined by
P 2r = −
d2
dr2
− 2
r
d
dr
. (16)
These operators close the su(1, 1) Lie algebra [35, 36] of equation (55) of
Appendix. Due to the similarity of the uncoupled equations (12), hereafter
we shall focus just on the radial Dirac equation for the eigenfunction vkD . It
can be written as(
− d
2
dr2
− 2
r
d
dr
+
s(s+ 1)
r2
− 2(αvE + αsM)
r
+M2 − E2
)
v˜(r) = 0, (17)
where we have defined v(r) = rv˜(r), or equivalently as
Ω˜(E)|v˜(r)〉 = 0, (18)
where |v˜(r)〉 represents the physical states and
Ω˜(E) ≡
(
− d
2
dr2
− 2
r
d
dr
+
s(s+ 1)
r2
− 2(αvE + αsM)
r
+M2 − E2
)
. (19)
By multiplying equation (18) by 1
2
r, it can be rewritten in terms of the
operators (13)-(15) as(
1
2
(A0 + A1) +
1
2
(M2 − E2)(A0 − A1)− (αvE + αsM)
)
v˜(r) = 0. (20)
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If we introduce the scaling operator eiθA2 , with the Baker-Campbell-
Hausdorff formula we can show that
e−iθA2A0e
+iθA2 = A0 cosh(θ) + A1 sinh(θ), (21)
e−iθA2A1e
+iθA2 = A0 sinh(θ) + A1 cosh(θ), (22)
From these equations it follows that
e−iθA2(A0 ± A1)eiθA2 = e±θ(A0 ± A1). (23)
Therefore, by substituting (23) into equation (20) we obtain
Ω(E)|v¯(r)〉 =
(
1
2
eθ(A0 + A1) +
1
2
(M2 −E2)e−θ(A0 − A1)− (αvE + αsM)
)
|v¯(r)〉 = 0,
(24)
where |v¯(r)〉 = e−iθA2|v˜(r)〉 and Ω(E) = e−iθA2Ω˜(E)eiθA2. By grouping com-
mon factors of A0 and A1, we set θ such that the coefficient of A1 vanishes.
This leads to find
θ = ln(
√
M2 −E2). (25)
Thus
Ω(E)|v¯(r)〉 =
(√
M2 − E2A0 − (αvE + αsM)
)
|v¯(r)〉 = 0. (26)
If we take |v¯(r)〉 as an SU(1, 1) group state |n¯, s¯〉, this equation and equation
(58) of Appendix allow us to obtain the energy spectrum
En
m
=
−αvαs + (n+ s)
√
(n+ s)2 + α2v − α2s
α2v + (n+ s)
2
. (27)
This result is in full agreement with the energy spectrum in general dimen-
sions reported in references [25, 26, 31, 32]. In the first two works the energy
spectrum was obtained in an analytical way by means of confluent hyper-
geometric functions, while in the last two works the spectrum was obtained
algebraically. In three dimensions, this result also reduce to the reported in
[29].
The eigenfunctions basis for the irreducible unitary representations of the
su(1, 1) Lie algebra with realization given by equations (13)-(15) (Sturmian
basis) is [36, 37]
〈r|n¯, s¯〉 = v¯n s(r) = 2
[
(n− 1)!
(n+ 2s)!
]1/2
(2r)se−rL2s+1n−1 (2r). (28)
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The uncoupled equations for vkD and ukD are related by making s → s− 1.
However, since both eigenfunctions belong to the same energy level, equation
(27) imposes the change n→ n + 1. Thus, the group state |u¯(r)〉 is
u¯n s(r) = 2
[
n!
(n + 2s− 1)!
]1/2
(2r)s−1e−rL2s−1n (2r). (29)
Therefore, the radial functions FkD(r) and GkD(r) can be obtained by means
of the group states u¯(r) and v¯(r) as follows(
FkD
GkD
)
=M
(
AnukD
BnvkD
)
= M
(
Anru˜
Bnrv˜
)
=M
(
Anre
iθA2u¯
Bnre
iθA2 v¯
)
, (30)
where An and Bn are two normalization constants to be determined. The
physical states |u˜(r)〉 and |v˜(r)〉 are obtained by using [36]
eiθA2f(r) = eθf(eθr), (31)
being f(r) an arbitrary spherically symmetric function. Thus, the physical
radial eigenfunctions are
u˜(r) = An(2ar)
s−1e−arL2s−1n (2ar), (32)
v˜(r) = Bn(2ar)
se−arL2s+1n−1 (2ar), (33)
where a =
√
m2 − E2. The coefficients An and Bn contain the normalization
constants of the Sturmian basis functions and the relationship between these
two coefficients can be obtained by evaluating the coupled equations (11) in
the limit r → 0. If we define
ω = −(E −m)− α+(αvE + αsm)
s(s− k) , (34)
and use the formula
Lαn(0) =
Γ(n+ α + 1)
n!Γ(α + 1)
, (35)
the first of equations (11) leads to
Bn2a(s+ 1)L
2s+1
n−1 (0) = −Bn2asL2s+1n−1 (0) + ωAnL2s−1n (0) . (36)
Thus, the relationship between An and Bn is given by
Bn =
ωsAn
an(n + 2s)
. (37)
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Therefore, from equation (30) the radial eigenfunctions FkD and GkD are
given explicitly by(
FkD
GkD
)
= An(2a)
s−1rse−ar
(
F1L
2s−1
n (2ar) + F2rL
2s+1
n−1 (2ar)
G1L
2s−1
n (2ar) +G2rL
2s+1
n−1 (2ar)
)
, (38)
where F1 = s − k, F2 = −2ωs (αv−αs)n(n+2s) , G1 = −(αv + αs) and G2 = 2ωs(s−k)n(n+2s) .
Thus, this expression is the radial spinor for the Kepler-Coulomb problem in
D + 1 dimensions with scalar −αs/r and vector potential −αv/r.
The coefficient An can be explicitly calculated by using the relativistic
normalization in D spatial dimensions [25]∫ ∞
0
(F ∗F +G∗G) dr = 1. (39)
Since F and G are real functions, F ∗ = F and G∗ = G. These integrals can
be computed by using the Laguerre integrals [38]∫ ∞
0
e−2arrα+1 [Lαn(2ar)]
2 dr =
(2n+ α + 1)Γ(nα+ 1)
n!(2a)α+2
, (40)
∫ ∞
0
e−2arrαLαn−1(2ar)L
α−2
n (2ar)dr =
−2Γ(n+ α)
(n− 1)!(2a)α+1 . (41)
With these results we obtain that the coefficient An is given by
An = 2
(
a3n!
Γ(n + 2s)(n+ s)(σ + τ + χ)
)1/2
, (42)
where
σ ≡ (s− k)2 + (αv + αs)2, τ ≡ 4ωs(αv − αs)(s− k)
n+ s
,
χ ≡ ω
2s2((s− k)2 + (αv − αs)2)
n(n+ 2s)
. (43)
In three-spatial dimensions and αs = 0, above results are in full accordance
with those reported in references [13] and [38].
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3 SU(1, 1) radial coherent states for the rela-
tivistic Kepler-Coulomb problem in D + 1
dimensions
Since each of the sets of functions u¯ and v¯ are a Sturmian basis for the
su(1, 1) Lie algebra [36, 37], we are able to generate the coherent states
for these basis. We shall use the Sturmian basis coherent states and the
transformation given by equation (30) to construct the relativistic coherent
states of the radial functions FkD(r) and GkD(r). The SU(1, 1) Perelomov
coherent states are defined as [5]
|ζ〉 = D(ξ)|k, 0〉 = (1− |ξ|2)k
∞∑
s=0
√
Γ(n + 2k)
s!Γ(2k)
ξs|k, s〉, (44)
where D(ξ) is the displacement operator and |k, 0〉 is the lowest normalized
state. We apply the operator D(ξ) to the ground state of the functions u¯
and v¯ to obtain their SU(1, 1) coherent states
u¯(r, ξ) =
2(1− |ξ|2)s√
Γ(2s)
e−r(2r)s−1
∞∑
n=0
ξnL2s−1n (2r), (45)
v¯(r, ξ) =
2(1− |ξ|2)s+1√
Γ(2s+ 2)
e−r(2r)s
∞∑
n=1
ξn−1L2s+1n−1 (2r). (46)
The sum of these coherent states can be computed by using the Laguerre
polynomials generating function
∞∑
n=0
Lνn(x)y
n =
exy/(1−y)
(1− y)ν+1 . (47)
By applying the scaling operator eiθA2 , with the scaling parameter θ given by
equation (25), and multiplying by r, we obtain the physical coherent states
ukD(r, ξ) = A
′
n
(1− |ξ|2)s√
Γ(2s)
e−aras−1(2r)s
e−2arξ/(1−ξ)
(1− ξ)2s , (48)
vkD(r, ξ) = B
′
n
(1− |ξ|2)s+1√
Γ(2s+ 2)
e−aras(2r)s+1
e−2arξ/(1−ξ)
(1− ξ)2s+2 , (49)
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where A′n and B
′
n are two normalization constants. Since ukD(r, ξ) and
vkD(r, ξ) also satisfy the coupled equations (11), the relationship between
these two relativistic normalization constants is obtained in a similar way as
we proceeded at the end of the last section. Thus, in the limit r → 0 we
obtain from the first coupled equation
B′n =
ω(1− ξ)2
a(1− |ξ|2)
√
s
2(2s+ 1)
A′n. (50)
Thus, the SU(1, 1) radial coherent states FkD and GkD for the relativistic
Kepler-Coulomb problem in D + 1 dimensions with scalar and vectorial po-
tentials are(
FkD(r, ξ)
GkD(r, ξ)
)
= A′n
(1− |ξ|2)s(2r)sas−1√
Γ(2s)(1− ξ)2s e
−ar(1+ξ)
1−ξ
(
s− k − (αv−αs)ωr
2s+1
−(αv + αs) + (s−k)ωr2s+1
)
.
(51)
To obtain the normalization coefficient A′n we use the relativistic normal-
ization, equation (39). The integrals are reduced to an appropriate gamma
function. This leads to obtain
A′n =
(
a3(1− |ξ|2)
s(1− ξ)(1− ξ∗)(σ′ + τ ′ + χ′)
)1/2
, (52)
where
σ′ = (s− k)2 + (αv + αs)2, τ ′ = −2ω(s− k)αv(1− ξ)(1− ξ
∗)Γ(2s+ 1)
a(1− |ξ|2) ,(53)
χ′ =
(
ω(1− ξ)(1− ξ∗)
(2s+ 1)a(1− |ξ|2)
)2
Γ(2s+ 3)
(
(αv − αs)2 + (s− k)2
)
.(54)
Therefore, we constructed the SU(1, 1) coherent states for the Dirac-Kepler-
Coulomb problem, in D+1 dimensions with scalar and vector potentials. As
was pointed out in the Introduction, to our knowledge these states have not
been calculated previously. Due to the generality of our calculation, we can
hold the following particularly cases: a) In general dimensions with only one
of the potentials or b) In three spatial dimensions with both or only one of
the potentials.
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4 Appendix: SU(1, 1) Perelomov coherent states
The su(1, 1) Lie algebra is spanned by the generators K+, K− and K0, which
satisfy the commutation relations [39]
[K0, K±] = ±K±, [K−, K+] = 2K0. (55)
The action of these operators on the Fock space states {|k, n〉, n = 0, 1, 2, ...}
is
K+|k, n〉 =
√
(n+ 1)(2k + n)|k, n+ 1〉, (56)
K−|k, n〉 =
√
n(2k + n− 1)|k, n− 1〉, (57)
K0|k, n〉 = (k + n)|k, n〉, (58)
where |k, 0〉 is the lowest normalized state. The Casimir operator K2 =
−K+K−+K0(K0−1) for any irreducible representation satisfies K2 = k(k−
1). Thus, a representation of su(1, 1) algebra is determined by the number
k. For the purpose of the present work we will restrict to the discrete series
only, for which k > 0.
The SU(1, 1) Perelomov coherent states |ζ〉 are defined as [5]
|ζ〉 = D(ξ)|k, 0〉, (59)
where D(ξ) = exp(ξK+ − ξ∗K−) is the displacement operator and ξ is a
complex number. From the properties K†+ = K− and K
†
− = K+ it can be
shown that the displacement operator possesses the property
D†(ξ) = exp(ξ∗K− − ξK+) = D(−ξ), (60)
and the so called normal form of the displacement operator is given by
D(ξ) = exp(ζK+) exp(ηK0) exp(−ζ∗K−), (61)
where ξ = −1
2
τe−iϕ, ζ = − tanh(1
2
τ)e−iϕ and η = −2 ln cosh |ξ| = ln(1−|ζ |2)
[40]. By using this normal form of the displacement operator and equations
(56)-(58), the Perelomov coherent states are found to be [5]
|ζ〉 = (1− |ξ|2)k
∞∑
s=0
√
Γ(n+ 2k)
s!Γ(2k)
ξs|k, s〉. (62)
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5 Concluding remarks
We constructed the SU(1, 1) Perelomov coherent states for the most general
case of the Dirac’s equation with Coulomb-type scalar and vector potentials
in D + 1 dimensions. We applied a series of transformations to the original
Hamiltonian to obtain the uncoupled second-order differential equations sat-
isfied by the radial components. We wrote each of the radial equations as
a linear combination of the su(1, 1) Lie algebra generators. The irreducible
representation theory allowed to obtain the energy spectrum and the radial
eigenfunctions in a purely algebraic way.
We obtained the Perelomov coherent states for the irreducible represen-
tation basis of the su(1, 1) algebra (Sturmian basis). The physical radial
coherent states for our problem were constructed by applying the inverse
original transformations to the Sturmian coherent states. Notice that in our
treatment we did not introduce the rescaling radial variable (which includes
the energy), commonly used in this problem [26, 31]. This allowed to use the
su(1, 1) irreducible representation theory by means of the Sturmian basis to
construct the relativistic coherent states.
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